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I We compute the low dimensional cohomologies H'^{gcN,C), H'^{gcj\[,C) of the infinite rank 
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general Lie conformal algebras gcN with trivial coefficients for q < 3, N = 1 oi q < 2, N > 2. 
We also prove that the cohomology of gc^ with coefficients in its natural module is trivial, 



. i.e., H*{gcN,C[d] ) = 0; thus partially solve an open problem of Bakalov-Kac-Voronov in 

; [Comm. Math. Phys., 200 (1999), 561-598]. 

(N : I. INTRODUCTION 

The notion of a conformal algebra, introduced by Kac in Ref. 12, encodes an axiomatic 
'^^! description of the operator product expansion of chiral fields in conformal field theory. Con- 
formal algebras play important roles in quantum field theory and vertex operator algebras 
(e.g. Ref. 12), whose study has drawn much attention in the literature (e.g. Refs. 1-6, 10, 
12-14 and 20-23). As is pointed out in Ref. 2, on one hand, it is an adequate tool for the 
study of infinite-dimensional Lie algebras satisfying the locality property (cf. Refs. 5, 12 
and 14). On the other hand, conformal modules over a conformal algebra R correspond to 
^ conformal modules over the associated Lie algebra Liei? (cf. Ref. 3). The main examples of 

Tij- ' Lie algebras Liei? are the Lie algebras "based" on the punctured complex plane C^, namely 
^ I the Lie algebra VectC^ of vector fields on (the Virasoro algebra) and the Lie algebra of 
^ ! maps of to a finite-dimensional Lie algebra (the loop algebra). Their irreducible confor- 
r-| ■ mal modules are the spaces of densities on and loop modules, respectively (cf. Ref. 3). 
' Since complete reducibility does not hold in this case (cf. Refs. 4 and 9), one may expect 
that their cohomology theory is very interesting and important (cf. Ref. 2), just as the coho- 
mology theory of Lie algebras has played important roles in the structure and representation 
^ ! theories of Lie algebras (cf. Refs. 7-9, 11 and 15-19). 

A general theory of cohomology of Lie conformal algebras was established by Bakalov, 
Kac and Voronov in Ref. 2. They also computed the cohomologies for the finite simple Lie 
conformal algebras. However the problem for the general Lie conformal algebra gc^, which 
is an infinite Lie conformal algebra, remains open. It is well-known that the general Lie 
conformal algebra qcn plays the same important role in the theory of Lie conformal algebras 
as the general Lie algebra gl^ does in the theory of Lie algebras: any module M = C[d]^ over 
a Lie conformal algebra R is obtained via a homomorphism R qcn (cf. Refs. 5 and 12), 
thus the study of Lie conformal algebras qcn has drawn some authors' attentions (cf. Refs. 1, 
2, 6, 13 and 14). It seems to us that the computation of cohomology of gc^ is important. 
In this paper, we compute the low dimensional basic cohomologies H'^{gcN, C) and the 
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reduced cohomology H'^{gcN, C) of qcn with trivial coefficients for g<3, A'"= 1 or g<2, A'"> 
2. We also prove that the cohomology oigcj^ with coefficients in its natural module is trivial, 
i.e., H*{gcN,^[dY') — 0; thus partially solve an open problem in Ref. 2. 

In Section II, we shall recall definitions of conformal algebras, their modules and coho- 
mology, and present the main theorem of this paper (Theorem 2.5). Sections III and IV are 
devoted to the proof of the main theorem. 

II. NOTATIONS AND MAIN RESULTS 

We shall briefly recall definitions of conformal algebras, their modules and cohomology. 
More details can be found in, say, Ref. 2. 

Definition 2.1: A Lie conformal algebra is a C[(9]-module A with a A-bracket [axb] which 
defines a linear map Ax A[\], where A[\] = C[A] ® ^4 is the space of polynomials of A 



with coefficients in A, satisfying: 

[daxh] = —X[a\b], [axdb] = {d + X)[axb] (conformal sesquilinearity) , (2.1) 

[axb] = —[b-x-do] (skew-symmetry), (2.2) 

[oaI^/xc]] = [[a\b]x+nc] + [bi^[axc]] (Jacobi identity), (2.3) 



for a,b,ceA. A subset -Sc A is called a generating set if -S" generates A as a C[9]-module. If 
there exists a finite generating set, then A is called finite. Otherwise, it is called infinite. □ 
There is a similar notion of associative conformal algebras, which we shall not introduce in 
this paper. Below we shall only work with Lie conformal algebras, thus we shorten the term 
"Lie conformal algebra" to "conformal algebra" . The simplest nontrivial conformal algebra 
is the Virasoro conformal algebra Vir, which is a rank one free C[9]-module generated by a 
symbol L such that 

Vir = C[d]L, [LxL] = {d + 2X)L. (2.4) 
Note that using (2.1), it suffices to define A-brackets on a generating set. Let > 1 be an 
integer. The general conformal algebra gc^ can be defined (see, e.g., Ref. 14) as an infinite 
rank free C[9]-module with a generating set 

SN^U'llne Z+, A e glr,}, (2.5) 

where glj^ is the space of N xN matrices (note that the set Sn is not C-lincarly independent, 
for example, = aJj^ for a G C), such that the A-bracket is defined by 

m n 

[J'a = E ( T ) + 9) vxr-^ - E ( 5 ) (-^)^«""^ (2-6) 

s=0 s=0 

for m,n e Z+, A,B e glN, where (7) = m{m-i)-^{m-s+i) jf ^ > q and (7) = otherwise, is 
the binomial coefficient. 

Definition 2.2: A module over a conformal algebra ^4 is a C[9]-module M with a A-action 
0;^^; which defines a map A x M — > M[[A]], where M[[A]] is the set of formal power series of 
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A with coefficients in M, sucfi tfiat 

a\{h^v) - h^{axv) = [axb]x+^v, (2.7) 
(da) xv = —Xaxv, ax{dv) = {d + X)axv, (2.8) 

for a,b e A, V e M. U axv e M[X\ for all a e A, v e M, then the A-module M is called 
conformal. If M is finitely generated over C[d], then M is simply called finite. 

Below we shall only consider "conformal modules" , thus we drop the word "conformal" 
and simply call a "conformal module" a "module" . Clearly, the one-dimensional vector space 
C can be defined as a module (called a trivial module) over any conformal algebra A with 
both the action of d and the action of A being zero. Furthermore, for a e C, a 7^ 0, one can 
define a C[9]-module Ca, which is the one-dimensional vector space C such that dv — av for 
V E Ca- Then becomes an A- module with trivial action of A. 

Let a E C The space C^[d] (a rank N free C[9]-module) can be defined as a g'Cjv-module 
with A-action 

j^^y^(^d + X + a)'^Av for A e gl^, m E Z+, v E C^, (2.9) 

(cf. the statement after (2.4)). We denote this module by C^[9]. When a = 0, the module 
C^[(9] = C^[(9] is called the natural module of gcj^. 

Definition 2.3: Let g G Z+. A q-cochain of a conformal algebra A with coefficients in a 
module M is a C- linear map 7 : ^4®^ M[Ai, AJ, 

7(01 • • • Og) = 7Ai,...,A,(ai, -, aq), (2.10) 

satisfying 

7Ai,...,A,(ai, .... doi, ...ag) = -\axi,...,\{ai, ai, Oq) (conformal antilinearity) , (2.11) 

7Ai,...,Ai_i,Ai+i,Ai,Aj+2,-,A5(ai) •••> fli-l, Oj+i, Oj, ai+2, ^q) 

= -7Ai,...,Ai_i,Ai,A.+i,A.+2,...,A,(ai, -, Oj-i, Oi, o^+i, 0^+2, ■-, Og) (skew-symmctry) , (2.12) 

for Ox , . . . ) Oq E A and all possible i. We let A®^ = C, so that a 0-cochain 7 is simply an 
element of M. □ 
We define a differential d of a cochain 7 as follows: 

{d-f)xi,...,\,+i{ai,...,ag+i) 
9+1 

= Xl*^~^)'^^"^^*^Ai,...A,...,A,+i(«l' S+i) (2.13) 

1=1 

+ Yl (-l)'^^7Ai+A,-,Ai,...A,...,A,v..,A,+i([«i Ol, ai, ttj, ag+i), 

l<i<j<q+l 

where, 7 is extended linearly over the polynomials in Aj, and where, the symbol ' means the 
element below it is missing. In particular, 

(d-y) x{a) ^ a x'f if 7 G M is a 0-cochain. (2-14) 
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By Ref. 2, the operator d preserves the space of cochains and o?^ = 0, so that the cochains 
form a complex, which will be denoted by C* — C*{A, M) — ®gez+C'^(^, M), and called the 
basic complex for the ^-module M. 

Define the structure of a C[5]-module on C*{A, M) by 

(97)Ai,...,A,(ai, Og) = (9m + ^ Ai)7Ai,...,A,(ai, Og), (2.15) 

i=l 

where du denotes the action of d on M. Then dd — dd (see Ref. 2) and so the graded 
subspace dC* C C* forms a subcomplex. Define the quotient complex C* = C*{A,M) — 
C*{A,M)/dC*{A,M) = ®g^2.+ Ci{A,M), called the reduced complex. 

Definition 2.4: The basic cohomology H*{A, M) of a conformal algebra A with coefficients 
in a module M is the cohomology of the basic complex C* . The (reduced) cohomology 
H*[A, M) is the cohomology of the reduced complex C*. □ 

Note that the basic cohomology H*{A,M) is naturally a C[5]-module, whereas the re- 
duced cohomology H*{A, M) is a complex vector space. 
The main results of this paper is the following theorem. 
Theorem 2.5: (1) For the general conformal algebra gci, we have 

<^^H'(9CuC)^[llll\ll (2.16) 

and 

dimff«tec.,C) = {j llll'""''' (2.17) 

(2) Equations (2.16) and (2.11) also hold for the general conformal algebra qcn if q < 2; 

(3) H*{gcnXa) = ^tfa^Q; 

(4) H*{gcN, C^[9]) = for ck e C. Furthermore, for any gcN -module M which is freely 
generated over C[d] such that there exists nonzero c e C satisfying Jj xv\x=o — cv for v e M, 
where I is the N x N identity matrix, we have H*{gcN, M) — 0. 

Remark 2.6: (1) Equations (2.16) and (2.17) show that the cohomologies H'^{gci,C), 
H*{gci, C), q<3, of the general conformal algebra gci with trivial coefficients are isomorphic 
to those of the Virasoro conformal algebra with trivial coefficients. 

(2) Theorem 2.5(2) in particular shows that there is a unique nontrivial universal central 
extension of the general conformal algebra gcjsf, which agrees with that of the Lie algebra 
of N X N matrix differential operators on the circle (cf. Refs. 16 and 18. It is well- 
known that T>^ is the distribution Lie algebra associated with gc^, cf. Ref. 14). A nontrivial 
reduced 2-cocycle ip' of gcN is given in (3.36), and the universal central extension gcj^ of gcN 
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corresponding to ■0' is given by 

m n 

s=o s=o (2-18) 

(m + n + 1)! 

where C is a nonzero central element of (i.e., [Cao] = [oaC*] = for all a G gcj^) such 
that CC is a trivial C [9] -module. 

(3) In Theorem 2.5(4), note that if we define the 0-bracket by [aob] = [axb]\x=o for a, & G 
gcN, and define the 0-action of qcn on a module M by aof = axv\\=Q for a G (^cat, v G M, 
then is central under 0-bracket, i.e., [Jj o^] = [flo<^/] for a G QCn, and so the 0-action of 
J J on any indecomposable (yfCTv -module M is a scalar. □ 

We shall give the proof of Theorem 2.5 in the next two sections. 

III. PROOF OF THEOREM 2.5(2)-(4) 

We shall keep notations of the previous section. For a g-cochain 7 G C'^{A,M), we 
call 7 a q-cocycle if (i7 = 0; a q-coboundary or a trivial q-cocycle if there is a (g — l)-cochain 

G C"'^^(A, M) such that 7 = dcf). Two cochains 7 and ip are equivalent if 7 — ■;/' is a cobound- 

ary. Denote by D'?(A, M) and by i?'^(A, M) the spaces of g-cocycles and g-coboundaries 
respectively. Then by Definition 2.4, we have 

m{A, M) = D'i{A, M) /Bi{A, M) = {equivalent classes of g-cocycles}. (3.1) 

We shall divide the proof of Theorem 2.5(2)-(4) into several lemmas (although we are 
unable to give the general result for gc]^ in this paper. Lemmas 3.1-4 below may be helpful 

in determining H*{gcN,C) and H*{gcN,C) in the future). 

First suppose 7 G C'^{gcN, C). Clearly, by (2.11), 7 is uniquely determined by the right- 
hand side of (2.10) for ai,...,aq G Sn, where Sn is defined in (2.5). We can regard the 
right-hand side of (2.10) as a polynomial in Ai,...,Aq. For any fixed p G Z, we define a 
C-finear map 7^^') : gc%^ C[Ai, AJ such that (2.11) holds for 7^^') and such that 

1^\JZ JlD = l^t.,xSJAv Jill (3-2) 

is a homogenous polynomial in Ai, Aq consisting of all monomials of total degree p' which 
appear in 7ai,...,a,(^Ai' Ja^)^ where 

q 

p'^P + ^rii. (3.3) 

i=l 

Then it is straightforward to see that 7^^) G CigcN, C) and 

7 = E^^'^- (3-4) 



Note that (3.4) is possibly an infinite sum, however for given J^J, J^^ & Sn, there are only 
finite many p's such that (3.2) is not zero; we call such a sum summable. Prom (2.6), (2.11) 
and (2.13) (note that in (2.6), if we informally regard the right-hand side as a polynomial in 
A, d, Jab, Jba, then it is a homogenous polynomial of the total degree m + n; also note that 
(2.13) now takes the form such that the first sum in the right-hand side is missing since C is 
a trivial module and note from (2.11) that when we substitute (2.6) into (2.13), d appeared 
in (2.6) can be replaced by — Aj for some i), we immediately obtain the following lemma. 

Lemma 3.1: A q-cochain 7 e C'^{gcN,C) is a q-cocycle (resp., q-coboundary) <^ all 
are q-cocycles (resp., q-coboundaries) . □. 

A g-cochain of the form 7*^^' is called a homogenous q-cochain of degree p. 

Following Rcf. 2, wc define an operator T\ : C^^gcj^^C) — >■ C'^~^(gfCiv, C) as follows: If 
g = 0, we set ri7 = 0; otherwise, we set 

(Ti7)Ai,...,A,_i(ai,-,S-l) = (-l)^~^|^7Ai,...,A,_i,A(ai,-,ag-i,^)|A=o, (3.5) 
for ai, ttq-i G S]si, where J = J] and / is the N x N identity matrix. Noting that by (2.6), 

[•^i^^-^i = EC? ) (^^ + ^'JT''' - i-^^JZ^ (3-6) 

s=l 

we obtain 

Hdn + nd)j>^>K x,(JZ.-,J"a:) 

= (-!)'!> D-D'^'^SS^ X. .S^Z^.J],JZ.-.jZ--JZl\^ (3.7) 

_ _9_ (p) ( jni jUi-i V jm T] jUi+i jriq^, 

~ d\ /Ai,...,Ai_i,Ai+A,Ai+i,...,A,WAi' '^Ai_v K^iAi-'J, Ai+v '^Aj\\=0^ 

i=l 

where the first equality follows from the fact that all terms appearing in dri7^^^ are can- 
celled with the corresponding terms in Tidj^^ and the terms left are all appearing in r^d^^^ 
(cf. (2.13)), the second equafity follows from (2.12). Note that for a polynomial P, fxU=o 
simply the coefficient of A-*^ in P. Now we substitute (3.6) into (3.7). By (2.11), (Aj + 9)* can 
be replaced by (—A)*. Since we only need coefficients of A^, the terms with s > 2 in (3.6) do 
not contribute to the calculation. Thus [J^^a,-^] in (3.7) can be replaced by (A, — niX)J^.. 
Thus (3.7) is equal to 

I, - ^.A)7£...,.._„.,^.,..,,....,(J^i, J^PIa^o = PiS,....Ma\^ JZ)^ (3-8) 

i=l 

which foUows from (3.3) and the fact that for a homogenous polynomial P(Ai, \g) of total 
degree p', we have 

^ J](Ai - niX)PiXi, Ai_i, A, + A, A,+i, A,)|a=o = (p' - E ^^)^- (3.9) 

1=1 i=l 
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Prom (3.7) and (3.8), we obtain 

{dTi+Tid)^^P^ ^jri^^\ (3.10) 

So if (i7 = 0, then (3.10) shows that 7' = ^p^oT*"*''' ~ ^^Cllp^oP'^'^il^^^) (note that this is 
summable, cf. the statement after (3.4) ) is a coboundary, and 7 — 7' = 7*-°^. Thus, we obtain 
the following lemma. 

Lemma 3.2: A q-cocycle in D'^{gcN,C) is equivalent to a homogenous q-cocycle of degree 
zero. □ 

Now suppose 7 is a homogenous g-cocycle of degree zero. For 1 < j,k < N, denote by 
Ej^k the N X N matrix with entry 1 at (j, k) and otherwise. Then 

S'n = Ue,,, \neZ+,l<j,k< N}, (3.11) 

is a free generating set of gcN over C[d]. Let h = Yl!j=i3^3,j- We define another operator 
T2 : C'^{gcM, C) C'^^^{gcN, C) as follows: We set T27 = if 5 = 0, otherwise we set 

(r27)Ai,...,A,_i(ai, fly-l) = (-l)''~SAi,...,A,_i,o(ai, Gg-l, J^) , (3.12) 

for oi, aq-i e Sn- Now note that by (2.6), 

= Y.{^;y^^^+^'JKk (3.13) 

s=0 

Thus as discussion in (3.7) and (3.8), the terms with s > 1 do not contribute to the following 
calculation, and as in (3.7), we have 

((rfr2 + r2rf)7)A,...,A,(J^;^,,^,...,J^^^,,J 

_ \^ ^, I jni jrii-i r jm tO] jni+i jUq x 

- ^7Ai,...,A,W£;,.j,fc^> L-^E.-.^fc. Ai^hJ, -^E.-.^j.fc.^^' -> "^B.^fc,^ ^3_;^4^ 

- j07ai,...,a,(Je]^,,^, j^;,^)- 



=1 



Thus as in Lemma 2.2, we obtain the following lemma. 

Lemma 3.3: A q-cocycle in D'^{gcN, C) is equivalent to a homogenous q-cocycle 7 of degree 
zero satisfying ^ 

7A„...,A,(J^]^,,^,...,J^;^,,J = zf Y.{j^-h)^Q. (3.15) 

For a g-cochain 7 e C'^[gcN, C), we define a linear map A7 : gc^ — > C[Ai, Aq_i] by 
A7(ai ®---®aq) =7Ai,...,A,(ai, •-, aq)|A,=-Ai-...-A,_i =7Ai,...,A,_i,-Ai-...-A,_i(ai, a,), (3.16) 

for ai, aq e giCiv (we define A7 = 7 if g = 0, and define A7(ai) = 7ai(Qi)|ai=o if ? = 1)- 
Let C"i{gcN, C) = {A7 | 7 e C^igcN, C)}. Then we obtain a linear map A : C'i{gcN, C) ^ 



C"i(gcN,C)- If 7 e dC'i{gcN,C) = (ELi ^OC^C^cjv, C) (note that = 0, cf. (2.15)), then 
clearly A7 = 0. Thus A factors to a map A : C«(^cjv, C) C"'{gcN, C). 

Lemma 3.4-' The map A : C^{gcr^, C) — > C"^{gcN, C) is an isomorphism as spaces. 

Proof: Suppose A7 = for a g-cochain 7. For oi, e gc^, regarding 7Ai,...,Aq(^^i; (iq) 
as a polynomial in Aq, we see that it has a root Xq — — ^^Zl Xi, i.e., it is divided by Yli=i ^i- 
Thus q 

0(ai 0---®aq) = Ai)"SAi,...,A,(ai, s), (3.17) 

i=l 

defines a map : gc^'^ — > C[Ai, A^]. Obviously, is a g-cochain, and 7 — (Y^f^i Xi)(j> G 
ddi{gcN,C). □. 

Thus we can identify C*(g'Cjv,C) with the space C"'{gcN,C). We call an element in 
C"^{gcN, C) a reduced q-cochain. We define the operator d : C"^{gcN, C) — > C"^'^^{gcN, C) by 
dA7 = Ad7, and then we have similar notions of reduced q-cocycles, reduced q-coboundaries. 

Lemma 3.5: Theorem 2.5(2) holds. 

Proof: Clearly, by (2.14), &{gcNX) = C^{gcN,C) = C, and B\gcN,C) = 0. Thus 
H%gcN,C) = C. Also by (2.15), dC^{gcN,C) = and we have H\gcN,C) = C. 

Suppose 7 e C^{gcN,C) such that dj e dC'^{gcN,C), i.e., there is e C^lgcNjC) such 
that 



7Ai+A2(Ki'y])= -{d^)xiM{u,v) = -(a(/))Ai,A2(^i,'y) 

= -(9c + Ai + A2)0Ai,A2(^i,^^) = -(Ai + A2)0Ai,A2(^i,^^), 



(3.18) 



(cf. (2.13) and (2.15)) for u,v e Sn- By (2.6), we have 

n 

[•^AA.J°] = E(^)('^l + ^«"^ (3.19) 

s=l 

for A e glN, n e Z+, where J° = J^. Thus by (2.11), (3.18) and (3.19), we have 

n 

E(^)(-^2)^7A,+A2(Jr^) = 7a,+A2[Jaa,J°] = -iXi + X2)<PMM{u,v). (3.20) 

s=l 

Let Ai = A — A2, then expressions in (3.20) are polynomials in A, A2 and the right-hand side 
is divided by A, thus each term in the left-hand side is divided by A. Therefore we can set 

7'a(^a) = A-S,(J^) for a e gl^, n G Z+. (3.21) 

Clearly, (3.21) defines a 1-cochain 7' e C^{gcN,C), and we have 7 = dj' e dC^{gcN,C). 
This proves that H^{gcN, C) = 0. 

Now suppose 7 e D^{gcN, C) is a 1-cocycle. This means that = in (3.18) and (3.20), 
and so, we obtain 7 = 0. Thus H^{gcN, C) = 0. 
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Next suppose -0 e D'^{gcN, C) is a homogenous 2-cocycle of degree zero. We define a 
1-cocfiain / wfiicfi is uniquely determined by 

fM) = {n+ir'f,ij,,Mr\J')\x=o- (3.22) 
Set ^ — Tp -\- df, which is also a homogenous 2-cocycle of degree zero. Then 

ixlxM. J')\x=o = Ai^xM, J')\x=o - fjx,+x{[Jlx,A)\x=o = 0, (3.23) 

where, the last equality follows from (3.19), (2.11) and (3.22) if n > 1, or from the fact that 
■0Ai,a("^°, J^) is a constant polynomial (cf. (3.3)) if n = 0. Thus we have 

0-i:{d7)x,M,x{-JA,-JB,-J')\x=o 

-i:{-7xMm\,J'^],J')+lxM{[JAMJ%J^)-7x,+^^^^^ (3.24) 

= ^7Ai,A,(Jr\ Jb) + nix„x,{JT, Jb~'), 
for A, B ^ qIn, m,n E Z+, where the second equality follows from (2.13), the last equality 
follows from (3.23), (3.19) and (2.11). Induction onn > in (3.24) proves 7ai,A2(^I, Jb) = 0. 
Thus 7 = and so H^{gcN, C) = 0. 

Finally, suppose -0' — ^-0 e C''^{gcN,C) is a reduced 2-cochain. By (2.13) and (3.16), 

(#')Ai,A2(«l,«2,a3) = -V'li+A2([«lAia2],a3) + i/)^;,2([«lAi«3],a2)-V^-Ai([a2A2«3],ai), (3.25) 

for 01,02,03 e gc^. We define a reduced 1-cochain /' = A/ e C'^{gcN,C) as follows (note 
from (3.16) that /'(o) = /A(a)|A=o = /o(o) is simply a linear function /' : gcN — > C, and it 
is not necessary to write down explicitly its representative (basic) 1-cochain /) 

/Va) = (r«+ l)-^^V^i(^A,^)lA=o, (3.26) 

(recall (3.6) that J = Jj) for A e glN, m e Z+ (note from (2.11) that f'{da) = /o(9o) = 0). 
By (2.13) and (3.16), 

(d/')A(ai,02) = -/'([oiAa2]), (3.27) 

for Oi, 02 G gcN- 

Now suppose is a reduced 2-cocycle. Then 'y' = tjj' + df is a reduced 2-cocycle 
equivalent to By (3.26), (3.27) and (3.6), 

Tx^'x{Ja, J)\x=o = for >1 e gl^, m e Z+. (3.28) 

Thus by (3.25), 

0^f,{d^')x,,xiJI,J'^,J)\x=-x, 
= i(-7l,+A( Wa. JE], J) + 7'-xi[JA x,J], Jl) - i'-xAJbxJI Jmx=-x, (3.29) 
= |-((m(Ai + A) + Ai)7U(^A , Jb) - {{n{\ + A^ + \)i_^^{J-B, Jmx=-x,, 

9 



where the last equahty follows from (3.28) and (3.6) (similarly to the discussion after (3.7), 
Xi + d and X + d can be replaced by A + Ai and the terms with s > 2 do not contribute to 
the calculation). Using (2.12) and (3.16), the right-hand side of (3.29) is equal to 



(m + n+ 1)7^, ( Jb) - Ai5f^7l, {Ja, Jb) = 0- (3.30) 
Prom (3.30), we obtain 

IxiJA, Jl) = c$:^^A-+"+^ for some c^^^^ e C. (3.31) 

In particular, 

iiix{JA,j')\x=0^5mflCA, (3.32) 

where ca = cff. Similarly to (3.29) (also cf. (3.24)), 

= i(rfy)A„A(JX,^S,^°)U=-A, 
= -^xiMU[JAX.m, J')\x=-x,+mi^^{JT\ J^B)+ni^^{J^, J^-') (3.33) 
= -L7n)K'-''cAB + (^!^J(-AO™+"csA + (mcj^-^'") + ncJ^-^))Ar", 

where the last equality follows from (2.6), (2.11), (3.16), (3.31) and (3.32). Taking m — n — 
0, we obtain cab — cba- Thus 

mcS:/'") + nc^S-"^ = iiZn) - (-l)™^"L"n))cA^- (3.34) 

Thus we solve 

Cab = (-1)"7 —T^CAB for A, Be qIn, m,n e Z+. (3.35) 

Prom (3.31) and the fact that ca — c^/^ and that cab — cba, we see that the map A\-^ ca 
is a trace of gl^, i.e., ca is a scalar multiple of tr(A) for e gl^- Thus (3.31) and (3.35) show 
that 7' is a multiple of ■0' which is defined by 

^'x{Ja, Jl) = (-ir (^ + !r+i), M-^^)^'"^"^'- (3.36) 
To see that ■0' is a nontrivial reduced 2-cocycle, first define 
^XuxAJa. J'b) = (-1)" ^' ^.^, ((-l)'"Ar"+^ - (-l)'^Ar"+')tr(A5)A™+"+\ (3.37) 

Clearly, ip is a, 2-cochain (recall the second sentence in the paragraph before (3.2)), and 
■0' = A'^ is a reduced 2-cochain. One can easily check that dip' — and that ip' ^ df for 
any reduced 1-cochain /'. This proves that H'^{gcM,'C) — Cip'. □ 
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Lemma 3.6: Theorem 2.5(3) holds. 

Proof: We define an operator r : C'^{gcN-, C'^~^{gcN, Co) by 

(T7)Ai,...,A,_i(ai,---,a5-i) = (-l)^~Si,...,A,_i,A(ai,-,aq-i,^)|A=o, (3.38) 
for oi, ag_i e g^Civ. Similarly to the discussions in (3.7) and (3.8), we have 

{{dr + rd)^),„...,Ml: JZ) = (E ^.)7A„...,A,( J^i, J^:) ^3 

(note that dC'^{gcN, Co) — (o + X^Li ^i)C^{9CN-, Ca) by (2.15), since 9c„ — a). Now suppose 
7 e C'^{gcN, Co) such that ^7 e dC'^'^^{gcN, Co), i.e., there exists a (g + l)-cochain cj) such 
that = (a + E!=i Ai)0. Clearly, by (3.38) rd-f = (a + ELi ^ dCi{gcN, C^). Thus 

(3.39) shows that 7 = — (i(a~^r7) (mod(9C^(giCAr, Ca) ) is a reduced coboundary (note that 
we assume a ^ 0), i.e., H'^^gc^, C^) = 0. □ 

Lemma 3.7: Theorem 2.5(4) holds. 

Proof: Note that as spaces, we have A^] = C^[Ai, A^, 9], and a q'-cochain 

7 e C'^{gcN, C^[9]) can be regarded as a map 7 : gc%^ — > C^[Ai, A^, 9], 

7(ai • • • ® Og) = 7Ai,...,A„5(ai, dq), (3.40) 

for ai, Oq e giCAT. Regarding (3.40) as a polynomial in Ai, A^, d with coefficients in C^, 
then similarly to Lemma 3.4, a reduced gr-cochain 

7 e C^{gc^,C^[d]) = C'^{gcr,,C^[^])/{^ + j2>^^)C'{9CN,C^m, (3.41) 

1=1 

is uniquely determined by the coefficient of in (3.40). Thus a reduced g-cochain 7 can be 
regarded as a map 7 : gc%'^ — >• C^[Ai, Ag], 

7(ai (g) • • • (g) ag) = 7Ai,...,A,(ai, Og). (3.42) 

Define an operator tq : Ci{gcN,C^[d]) C'i-\gcN,C^[d]) by (cf. (3.38)) 

(To7)Ai,...,A,_i(ai,...,a9-i) = (-l)^~SAi,...,A,_i,A(ai,...,S-i''^°)lA=o. (3.43) 

Similarly to the discussions in (3.7) and (3.8), using (3.19), we have (comparing with (3.7), 
all terms corresponding to the right-hand side of (3.7) are now zero because J has been 
replaced by J° and we do not take partial derivative but note that since the first sum in 
(2.13) is not zero in this case, we have one more term here) 

((dTo + rodh),„...Ml,...,JZ) = J\^Xu-,xMZ^-,JZ)\x=o- (3.44) 
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Now by (2.9), the A-action of qcn on its module C^[9] in particular satisfies J'^ \v — v for 
V e C^[9]. Thus the right-hand side of (3.44) is simply —^\^,...,\g{J^^, J^^, i-e., we obtain 

7 = {dro + roci)7. (3.45) 

In particular, if 7 is a reduced cocycle, (3.45) gives that 7 = c?(to7) is a coboundary, i.e., 
H\gcr,,C^[d])^Q. 

Clearly, the above proof works for any g^cjv-module M satisfying the condition stated in 
Theorem 2.5(4). □ 

Thus Theorem 2. 5 (2)- (4) is proved. 

IV. PROOF OF THEOREM 2.5(1) 

This section is devoted to the proof of Theorem 2.5(1). By Lemma 3.5, it remains 
to consider the case g = 3. Since some of the following arguments also work for general 
g-cocycles, we shall first consider g-cocycles with g > 3 so that it may be possible to use 
these arguments to determine higher dimensional cohomologies in the future. 

Let gc = gci. It has a free generating set 5* = { J" | n G Z_|_}, such that 

m n 
[jm^jn^ = ^(|^^(A + a)V"^+"-^-^(^^)(-A)V™+"-^ (4.1) 
s=l s=l 

for m,n E Z_)_. We shall give some more notations. An element in is denoted by 

n = 7T,[g] = (ni,...,ng), ni, e Z+, (4.2) 

(when there is no confusion we denote it by n, otherwise we denote it by n[q]). Denote 
J" = J"i ® . . . ® J«9 = (J"i, J"9) e gc®'^. Denote A = X[q] = (Ai, A^). For n e 
let |n| = XlLi called the level of n. We define a total ordering on Z^ by the level- 
lexicographical order, i.e., 

m<n 4^ |m|<|zi|) or |m| = |n| and 3 p such that mj = ni for i<]9 and mp< rip, (4.3) 

for rn,neZ\. Set 

Mg^{neZl\ni<n2< ... < nj. (4.4) 

For m,n E Z, we denote [m, n] = {m, m + 1, ...,n}. Let Sg be the permutation group on the 
index set [1,^], which acts on O by (t{v) = {va{i), ...,Va{q)) for v = {vi,...,Vq) G O. Then 
for any n E there is a unique n* G Ag and some a E Sq such that n* = (j{n) G J\fq and 
n* < cr(n). In fact 

n* — min{(T(n) | a G Sq}, (4.5) 
is the minimal element in Sq{n) = {c"(n) | cr G Sg}. 
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A gf-cochain 7 is uniquely determined by ^\{J-) for n e Hq and 

7A(J^)=sgn(a)7.(A)(J'^^^^ (4.6) 

for 77, e Z^, (7 e 5^, where sgn((7) is the signature of the permutation a. In fact, ^\{J-) can 
be arbitrary polynomial in A satisfying (4.6) for all a such that (7(77,) = n. 
First we construct a 3-cochain 7 as follows: 

^^^•^"^ - \ otherwise, ^^'^^ 

for 71 e A3 (note that in the first case, we let 713 7^ in order to avoid the problem on how 
to deal with 0° when we set Ai = 0). 

Lemma ^ is a nontrivial 3-cocycle. 

Proof: One can define a Leibniz q-cochain by removing the skew-symmetric condition 
(2.12), and define the Leibniz differential operator by changing (2.13) into 

(c?L7)Ai,...,A,+i(ai,-,ag+i) 
9+1 

= 5](-l)'"^'«i a,7ai,...,a„...,a,+i(«1' «9+i) (4.8) 

i=l 

+ XI (~l)''TAi,...,Ai,...,A,_i,Ai+A,-,A,+i,...,A,+i(«l' ^i' ■-, [Cj A^aj] , -■,ag+l), 

l<i<i<'?+l 

(note that if 7 is a (regular) g-cochain, then (4.8) coincides with (2.13), i.e., d = d^ in 
this case). Then we obtain Leibniz cohomology (cf. Ref. 2). We shall not discuss Leibniz 
cohomology here, but we define a Leibniz 2-cochain / by 

/ai,a.(J°,J°) = 1 and /a,,a.(J"^,J")=0 if (771, 7i) ^ (0, 0). (4.9) 

One can immediately check that 7 = dif (thus 7 is a Leibniz 3-coboundary). Therefore 
dj — ddLf — d\f — 0, i.e., 7 is a (regular) 3-cocycle. However there is no 2-cochain such 
that d(f) — ^ because if = 7 then we also have (t>Xi,\2{J^, J^) — 1 and so is not a (regular) 
2-cochain ((2.12) is not satisfied). Thus 7 is a nontrivial 3-cocycle. □ 

Now let 7 be a g-cocycle with > 3. By Lemma 3.2, we can suppose 7 is homogenous 
with degree zero. First we have the following lemma. 

Lemma 4-^' U Q — 3; by replacing 7 by ^ — for some c & C, we can suppose 
7a(AAJ) = 0. 

Proof: Note that 7a(-'^°, J'^, J) is a linear polynomial in A (cf. (3.3)) which is skew- 
symmetric with respect to Ai, A2 by (2.12). Thus 7a(-'^°, J^, J) — c(A2 — Ai) for some c e C. 
Replacing 7 by 7 — 07, we have the lemma. □ 

To prove (2.16), our strategy is the following: We want to prove by induction on 77, e jVg 
(with respect to the order (4.3)) that after a number of steps in each of which 7 is replaced 
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by 7 — 7' for some g-coboundaries 7' we obtain that 7a( J— ) = for all m e A/'q, m < 77, (thus 
we obtain that ^\{J-) — for all n e Mq, i.e., 7 = 0, after a countably infinite number of 
steps; this amounts to saying that 7 is subtracted by an infinite sum of g-coboundaries, but 
from the following proof we see that this infinite sum is summable, cf. the statement after 
(3.4)). For the case g = 3, this will be done by a number of lemmas (unfortunately, not all 
arguments work for g > 4, cf. the proof of Lemma 4.6). 
Lemma 4.3: -fx{J^) ^Oif\n\<l. 

Proof: Note that ^\{J-) is a polynomial in A on degree \n\. If \n\ — 0, we have ^\{J-) — 
by (4.6). If \n\ — 1, then n — (0, ...,0, 1) and ^\{J-) is skew-symmetric with respect to 
Ai, \q-i, thus divided by Y\.i<i<j<q-i{^i~\)^ which has degree {q—l){q—2)/2 > 1 if g'>3. 
Thus 7a( J^) = if g > 3. If g = 3, then 7a( J^) = 7a( J°, J) - by Lemma 4.2. □ 

Now suppose \n\ > 2. We set io = ^{i E | = 0} > (where stands for the 
size of the finite set X), i2 = q — G [1, q]\ni = Ug} < g — 1. If io 7^ ^2, we set ii to satisfy 

= m = ... = riio < riio+i < ... < < rii^+i = ... = < n^^+i = ... = Ug] (4.10) 

if io =12-, we set ii = 0. 

Let m G A/'g+i be such that |m| = |n| + 1. Consider [d'-f) x[g+i]{ J—) (cf. notation (4.2)). 
Note that when we substitute (4.1) into (2.13), using (2.11) and (2.12), we obtain that 
{d'y) x[q+i]{J—) is a combination of 7a'(<^~) with coefficients being polynomials in A[g+1], 
where kEN'q, \k\ < \n\, and A' = (A'^, A^) such that each A- is a linear polynomial in A[g+1]. 
Using the inductive assumption, ^x'{J-) = if |^| < \n\. Thus the terms with s > 2 in (4.1) 
do not contribute to (2.13) (cf. the discussion after (3.7)), and so we have (here we use (4.8) 
instead of (2.13)) 

= (rf7)Ab+i](J^) 

= J2 {-l)'{m,K-mA,)^,^_,_,^_^^^^^^^^^^ (4.11) 

l<i<j<g+l 

where 

m{i,j) = (mi, ...,mi, m^.i, m^ m^ - l,mj+i, ...,mg+i), (4.12) 

and the right-hand side of (4.11) is a combination of 7a' (J— *^*'-'''*) (cf. (4.5) and (4.6)). 
Lemma 4-4' 1\{J~) = i/ni > 1 (i.e., iq — Q). 

Proof: In (4.11), take m = (0, ni, n^-i, + 1) G Ng+\- In (4.12), if i 1, then 
mi = < ni and so rn{i,j)* < rn{i,j) < n; by induction, 7a'( J— ^''^^*) = 0. Similarly, 
^x'{J~^^'^^*) = if J 7^ g -|- 1. Thus the only possible nonzero term in (4.11) is the one with 
(i, j) = (1, g -I- 1). Since m(l, g + 1) = n, (4.11) gives 

-{ng + l)Ai7A„...,A,,Ai+A,+.(^^) = 0. (4.13) 
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This gives the lemma. □ 
Prom now on, we assume that rii — 0. 

Lemma 4-5: ^x{J-) — if 12 — q — 1 and Ug > rig^i + 2 (cf. (4-10)). 
Proof: As above, now (4.11) gives (cf. (4.13)) 

Y^{-mng + 1)A.7.,...,J.„...,.,,.,+.,,,(J^) = 0. (4.14) 

i=l 

Replacing (Ai, A^+i) by (A, Ai, Ag) and applying the operator ^|a=o to (4.14), we obtain 

7a(J^) = -E(-1)^^47a,a....,a....,a._.a,+a,(^^)U^o. (4.15) 

We define a (q' — l)-cochain / as follows 

-V'i7A,Ai,...,A,_i(^^)|A=o if k^n-. 
^' 1 otherwise, 

for ^GA/'g-i, where = (^2, ng — 1) GAAg-i (cf. (4.10)). Indeed, / is a (g — l)-cochain 
(cf. the statement after (4.6)): Write rT as n~ = (n^, n~_-^), then n~ = nj ^ rij+i = 

nj+i. Thus the skew-symmetric condition (4.6) for / follows from the skew-symmetric con- 
dition for 7. We claim that 

7a(J^) = {dfW^), (4.17) 
for all keN'q with k<n. li k — n, similarly to (4.14), we have 

idfW^) = E(-l)'V^/A„...,A....,A<,_,A.-fA,(^^") = 7a(J^), (4.18) 

i=l 

where the last equality follows from (4.15) and (4.16). If < n, when we substitute (4.1) 
into (2.13) for {df )\{J-), as in (4.11), {df)x{J-) is a combination of the form f\'{J-^''^^), and 
we see that k{i,j) < n~ (cf. (4.12)), i.e., the term fx' {J- ) does not appear in {df)x{J-), 
thus {df)x{J-) = 0, which is the same as jxi.J-) by inductive assumption. This proves (4.17). 
Thus by replacing 7 by 7 — rf/, we have the lemma. □ 
Lemma 4-6: ^x{J-) — if q — 3. 

Proof: When = 3, by Lemmas 4.3-5, we are left to consider the cases n — (0,712,712) 
and n — (0, 712, n2 + 1) for 712 > 1- First suppose n — (0, 712, n2). As in (4.14), we have 

= (c?7)a[4](J°, J"^+') = {712 + l)(-Ai7A„A3,A,+A4(^^) + A27A„A3,A.+A4 (^^)) • (4-19) 

Setting A4 = 0, it gives that ^x{J-) can be divided by Ai. So we can write ^x{J-) — Ai7^ for 
some polynomial 7^, and (4.19) shows that 7a2,A3,Ai+A4 = 7ai,A3,A2+A4- Setting Ai = 0, this 
gives that 7a2,A3,A4 = 7o,A3,A2+A4- Thus 

7a(J^) = Ai7^,,,,,,+,3. (4-20) 
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But 7a(^-) is skew-symmetric with respect to A2,A3, we obtain To.Aa.Ai+Ag = -7o,A3,Ai+A2- 
Setting Ai = and A3 = respectively, we obtain that To.Aa.Ag = ~7o,A3,A2 7o,A2,Ai = 
-7o,o,Ai+A2' which gives that 7^ = 0. Thus 7a(J^) = 0. 

Next suppose n = (0, n2, n2 + 1). We still have (4.20) for some polynomial 7^^. We assume 
that 712 > 2 (the proof for the case 712 = 1 is similar and we leave it to the reader). For 
1 < i < 77,2, by (2.13) and the inductive assumption, we have 

0=(ci7)A[4](J°,J,J"^-\J"^+^+^) 

= (n2-^)Ai7A2,Ai+A3,A4(^, ^"^-^"S ^"^+^+') + (n2 + ^+l)Al7A2,A3,A,+A4(^, ^"^"N ^"^+'). 

Note that when i = n2 — 1, the first term of the right-hand side is zero since ^x{J, J^, J^"^) = 
-7a2,Ai,A3(^°, J: ^^"') and (0, 1, 2712) < n. Thus induction on i gives that 7a( J, J"2~^ 7"^+') = 
0. Then by (2.13) and the inductive assumption, 

o = (rf7)A[4](J^J,J"^J"^+^) 

= -Ai7Ai+A2,A3,A4(^-) - + l)Ai7A2,A3,Ai+A4(^, ^"^) (4-22) 

+ (7Z2A2 - A3)7Ai,A2+A3,A4(</-) + ((^2 + 1)A2 - A4)7Ai,A3,A2+A4 (<^-) • 

Substituting (4.20) into (4.22), cancelling the common factor Ai, then setting Ai = A2 = 0, 
we obtain that = -(712 + 1)7o,A3,A4(^, J""") - (A3 + A4)7o,A3,A4' which shows that 7o,A3,A4 
is skew-symmetric with respect to A3, A4. Thus 

f (jm, jm,. / -^2So,Ai,A2 if K,^2) = (n2,7l2), 

I otherwise, 

defines a 2-cochain / (cf. (4.16)). Now as in the proof of Lemma 4.5, by replacing 7 by 
7 — df, we have the lemma. This also proves (2.16). □ 
Lemma 4.7: (2.17) holds. 

Proof: By Lemma 3.5, it remains to consider the case q — Let 7 be the 3-co cycle 
defined in (4.7). Let 7' = A7 be the corresponding reduced 3-cocycle (cf. (3.16)). Clearly 
7' is nontrivial. Now suppose 7' is arbitrary reduced 3-cocycle. As in the paragraph before 
Lemma 4.3, we shall prove by induction on 77, e Hz that by replacing 7' by 7' — 07' — df for 
some c e C and some reduced 2-cochain /' we have 7ai,a2('^~) = for m < n. Assume that 
we have proved 7^^ a2("^~) = for m < n. 

First suppose n = (0,0, rzs). By (2.13), (3.16) and the inductive assumption, we have 

= (rf70A[3](^°,^°,^°,^"^+^) = (n3 + l)(-Ai7l2,A3('^^) + A27i,,A3('^^)-A37l,,A2('^^))- (4-24) 
Ttiu.s 

7l„A2(^^) = Ai7;,A2(^^) - A27i,A,(^^)- (4.25) 
If 7i3 = 0, then by (2.12) and (3.16), 7;i,A2('^-) = -7;i,-Ai-A2('^-)' this together with (4.25) 
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gives that 7ai,a2('^~) ~ 0- ~ 1' ^^^^ (2-13), (3.16) and the inductive assumption, 

o = (rf7')A[3](AA^,^) 

Using (4.25) in (4.26), we see that 7^^^^ can be divided by Ai. Writing = Aip(Ai) for 
some polynomial p(Ai) and using this in (4.26), cancelling the common factor A1A2, and 
setting A2 = A3 = 0, we see that p(Ai) = c e C is a constant. Thus 7ai,a2('^~) — ^('^i ~ ^'^)- 
Replacing 7' by 7' + 07', we obtain that 7ai,a2('^~) = for m < n. 
If na > 2, we defines a reduced 2-co chain /' as follows: 

(jm,^jm2)^ f -7U('^-) if (mi,m2) = (0,713-1), ^^^^^^ 

^ ' 1 otherwise, 

for (mi, 771.2) e J^2- Clearly, this indeed defines a reduced 2-cochain /'. Using (4.25), by 
replacing 7' by 7' — df as in the proof of Lemma 4.5, we have 7^^ \2i-J~) = for m < n. 

Next suppose n = (0, 773, 773) for 773 > 1. As in (4.25), from {d-f') x[3]{J^ , J"'+^) = 

we obtain that 7;„a2('^-) = ^alxM')- But j',^,,^{J^) = -y,^,_,^_,^{J^) by (2.12) and 
(3.16), we obtain = Q. 

Now suppose 77 = (0, 772, 772 + 1) for 772 > 1. Prom 7^j3] ( J-) = for ^ = (0, 0, 772, 772 + 2) 
and k — (0, 0, 772 + 1, 772 + 1), we obtain that 7ai,a2('^~) — '^i7i,A2('^~) ^^^^ (4-26) again 
holds. Prom this, we obtain that 7ai,a2('^~) ~ ~7ai,-A2('^~)- Thus we can define a reduced 
2-cochain /' such that /aj( J"*S J"*') = ii,x,{J-) if (mi, ^2) = (773, 773) or /a^(J"'\ J"*^) = 
otherwise. Then the rest of the proof is as before. 

Pinally suppose 77 = (0,773,773) with 773 > 773 + 2 or 77 = (771,773,773) with rii > 1. Then 
the proof is the same as that of Lemmas 4.4 and 4.5. □ 

This completes the proof of Theorem 2.5. 
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